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Abstract

According to Basd |1, the Probability of Default (PD) should be a long-term average of 1-year default rates.
In this paper, long termis interpreted as one business cycle. When the PD is compared with the actual
observed default rates in the PD rating validation process, two questions are relevant: how long is a business
cycle and where are we in the business cycle? We present two techniquesin order to address these questions:
Fourier analysis and wavelet analysis. The analysis of default rates in the period 1981-2007 from Sandard &
Poors reveals two business cycles of 10.67 years.

1. Introduction

Under the “International Convergence of Capital Measurement and Capital Standards’, hereafter denoted as the
Basd |1 Accord [Basd2004], banks are allowed to develop their own rating models, which is called the Internal
Rating Based approach (IRB). A rating assesses the credit quality of an obligor and is therefore mapped to a
Probability of Default (PD). According to paragraph 447 of the Basd 11 Accord, it is required that “ PD
estimates must be a long-run average of one-year default rates for borrowersin the grade’. Although the Basd
I Accord does not explicitly define“long term”, it is assumed here that this long term refers to the duration of a
business cycle.

In this paper, we regard the current credit crisis as part of a business cyclein line with the ideas of Minsky
[Minsky1985, Minsky1986, Minsky1993]. Minsky argues that the financial system swings between robustness
and fragility, thereby generating business cycles. In his view, a market boom leads to euphoriain which
financial institutions extend credit to dubious borrowers, often accompanied by creating new financial
instruments and by innovation. As such, the capitalist economy becomes more and more fragile over a period of
prosperity. Minsky called this his Financial Instability Hypothesis (FIH).

Minsky’s theory, although invented many years ago, exactly matches with the current observation that the
current crisisis caused by securitization of mortgages, which enables banks to provide home loans without
concern on repayment. Lenders became more creative with exotic mortgages, like “interest only” loans and
“option adjustable rate’ mortgages, to provide credit to borrowers of poor credit quality. These mortgages were
bundled in securitization packages and often sold to unregulated hedge funds by Special Purpose Vehicles. In
line with Minsky, the economy destabilizes, when more layers exist in many of these financial restructurings.
The current crisisis part of a business cycle and its swings can only be damped by government or regulatory
intervention. The Minskian view is also supported by recent publications before the credit crunch. For example,
Sornette proposed modes in which a speculative bubble builds up in months or even years before the crisis,
rather than describing a mechanism operating at short time scales of hours, days or weeks at most
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[ Sornette2003]. Considering the credit crisis as part of a business cycle, how does this cycle influence validation
of the PD?

Therequirement that the PD must be an average over the business cycle has consequences for the validation of
PD rating modds [Basd 2005]. In the validation process, the recently observed 1-year default rate is compared
with the PD scale, which is a long-term average of default rates. This means that the 1-year default rate will be
lower than the PD in an upturn of the economy and the conclusion of the validation exercise might be that the
mode is too conservative. On the other hand, the 1-year default rate will be higher than the PD in a downturn of
the economy, and the modd is perceived as too aptimistic. As such, two important questions should be
addressed in the validation exercise:

1. How long isthe business cycle?

2. Where exactly are wein the business cycle?
The answer to both questions can be used by making a business cycle adjustment on the recently observed
default rate before this default rate is compared with the PD, which is an average over the business cycle.

This paper focuses on answering the two questions by applying Fourier analysis and wavelet analysis. Since
Fourier analysis reveals the frequencies in a time series, this techniqueis digible to answer thefirst question on
the duration of a business cycle. By Fourier transforming from time to frequency space, localization is lost and
the second question can not be answered. In addition, it is assumed that the period of a business cycle will
always be the same through time.

Over thelast 3 decades, a new techniqueis introduced and called wavelet analysis. Wavelet analysisis
essentially a transformation from time space to the time-frequency domain. As such, waveet analysis
transforms a time series into an image of time versus frequency and it might identify the period of a business
cycle and in which phase of the business cyclewe arein.

In this paper we apply Fourier and wavelet analysis on a time series of monthly observed default rates. The
paper will report on the results and is organized as follows. In the next section, the results of the Fourier
analysis are presented. Section 3 introduces the concept of wavelets as atool for transforming time seriesin the
time-frequency domain. Section 4 describes a version of the wavelet transform known as the Maximum Overlap
Discrete Wavelet Transform. The results of the wavelet analysis are described in section 5 and section 6
concludes. Table 1 gives an overview of the mathematical symbols used.

2. Fourier analysis of Business Cycles

A traditional method to estimate a frequency from a signal or time seriesis Fourier analysis [Folland1992]. A
time series X, is Fourier transformed into frequency space by the following equation:
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where the Fourier component X « Isacomplex coefficient which shows the reative contribution of the frequency
k / N to the time series. The estimation of periodicity is based on searching the Fourier component with the
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largest power|Xk| .

Fourier analysis is applied on monthly observed default rates, which are available from Standard & Poor's
(S&P) CreditPro® v7.02 database. We preferred monthly observed default rates rather than annual default rates
in order to obtain more data and a much more accurate estimation of the business cycle period. The data, which
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are shown in Figure 1, cover the period from 1981 to 2007. Figure 2 shows the Fourier power | Xk| asa

function of the frequency in reciprocal years. The figure reveals that the maximum power occurs at a frequency
of 0.09 years™, which corresponds to a period of 10.67 years. Figure 1 also shows the fit of the monthly default
rate to a sine function with a frequency of 0.9 years™.



The Fourier analysis of the time series of monthly observed default rates gives an answer to the first question:
how long is a business cycle? According to the analysis, thisis 10.67 years. However, information on
localization intimeis lost in Fourier analysis, because of transformation from time space to frequency space. In
addition, in Fourier analysisit is assumed that the frequency content in the time series is stationary, whereas the
period of a business cycle might change through history.

3. Wavelet analysis

Unlike the harmonic functions in the Fourier transform, waveets are functions with localization both in time and
in scale, thereby providing a convenient way of representing complex signals and time series. Therefore, it is not
surprising that waveets are frequently applied in physics, signal processing and time series analysis (see [von
Sachs1996, Moulin1994, Percival2000]). In addition, wavelet theory is also applied in non-parametric
regression and density estimation [Antoniadis1995], data compression, solving differential equations
[Mattos2003, Lepik2005] and inverse problems like singular value decomposition [Donoho1995]. A detailed
treatment of waveet theory is beyond the scope of this paper, but a concise introduction will be presented here.
Thereader isreferred to literature elsewhere for a more eaborate description of wavelets [Percival 2000,
Daubechies1992, Chuil1992].

A wavdet is a function with the following properties:
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Equation 3-1

Figure 3 exhibits two examples of wavelet functions, the block-shaped Haar wavelet, hereafter denoted as ",
and the shark-fin shaped Daubechies-4 waveet, hereafter denoted as y° [Daubechies1992]. Both wavelets
show an upward movement, followed by a downward movement. As such, both wave ets resemble the behaviour
of default rates through the cycle: in a downturn of the business cycle the default rates will rise, and in an upturn
of the cycle, the default rates will fall. Identifying the business cycle by an economic downturn with increasing
default rates, followed by an economic upturn with declining default rates, the duration of the business cycle and
location in the business cycle might be revealed by dilating and translating the wavelet function to obtain a
maximum overlap between the wave et function and the default rate time series. Thisis in essence the key of the
analysis.

A waveet function y(x) can be dilated over atimeinterval T and translated over atimet by defining a new

wavelet function:
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Equation 3-2

Note that 1/t results from the normalization condition as given in Equation 3-1. The overlap between a
function f(x) and y.«(X) is calculated as

W(t,t):;‘)f(x)>yt,t(x)dx:<f,yt]t>

Equation 3-3

where W(x, t) is the wave et coefficient and <,> denotes the inner product. Equation 3-3 is known as the
continuous wavelet transformation (CWT). When the wavelets . «(x) are orthonormal, they form a basis for the
function space and every function f(x) can be decomposed as a linear combination of wavelet functions . (x).

The wavdet transformation in Equation 3-3 assumes that the function f(x) is continuous. However, most time
series X are sampled as discrete values at timest = 0, 1, ..., N-1 and consist of a finite sequence of length N.
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Therefore, a discrete version of the wavelet transform, known as the Discrete Wavelet Transformation (DWT),
isintroduced by standardizing t to a dyadic scale: t; = 2. In addition, awavelet basis is introduced, which
consists of a father wavelet® g;, that represents the smooth basdine trend and a mother wavelet vy;, that is dilated
and shifted to construct different levels of detail:
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Equation 3-4

As a short example, atime series of 4 discretevalues X; (t =0, 1, 2, 3) is considered and decomposed in Haar
wavdets, for which ¢ (x) equals 1 in theinterval (0, 1) and zero otherwise and y"(x) is 1 on interval (0, %), -1
oninterval (1/2, 1) and zero otherwise. The time series x; can be decomposed in normalized Haar wavelets as
follows:
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where the wavelet coefficients are calculated as W, = < x,, y" > and V; = < x,, 0", > respectivdy. Two
features emerge from the example: first, these coefficients consist of successive averaging and differencing
observations. Since averaging corresponds to filtering out high frequencies and differencing corresponds to
filtering out low frequencies, DWTs are often described in terms of low-pass filters and high passfilters, leading
to recursive equations for the wavelet coefficients [Mallat1989, Percival2000]. Secondly, Equation 3-5 shows
that the wavelet functions @™, W20, W™ 0 and y™; » are orthonormal and therefore span the space of observed
time series X;.

4. Maximum Overlap Discrete Wavelet Transform

The orthonormality in the DWT impaoses restrictions: the number of observations must be a power of two. In
addition, the DWT algorithm removes values from the observations, which is frequently referred to a down-
sampling. Another drawback of the DWT isthat it is not tranglation invariant. Therefore, a non-orthonormal
version of the DWT, known as the Maximum Overlap Discrete Waveet Transform (MODWT)), is applied in
this paper. Unlike the DWT, the MODWT can be applied to all sample sizes and istrandlation invariant. The
MODWT technique is also known as the non-decimated DWT, redundant DWT, translation-invariant DWT or
stationary DWT.

We use two types of waveets, the Haar wavelet and the Daubechies-4 wavelet, because both functions are
characterized by an upward swing and a downward swing and that makes them digible for identifying business
cycles by finding maximum overlap. As shown in the example of section 3, the calculation of waveet
coefficients corresponds to filtering. The Haar wavelet filter has alength L = 2 and filter coefficients

1 1
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Equation 4-1

The Daubechies-4 wavdet filter has alength L = 4 [Daubechies1992] and filter coefficients:

2 The father wavelet is also called the scaling function.
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Equation 4-2

The wavdet filter coefficients h and associated scaling filter coefficients g, are related by the following egquation
[Daubechies1992, Chui1992, Mallat1989, Percival2000]:

g = (' 1)I-th-1-|

Equation 4-3

Thefiltering approach leads to a recursion algorithm to calculate the wavel et coefficients. In case of the
MODWT, it will be shown in the appendix that the MODWT wavelet coefficients are easily calculated by the

following recursive equations
L-1
[o]
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=0
L-1
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1=0

Equation 4-4

where V,; = X; and g and h, are so-called filter coefficients. The operation k mod N is equivalent to k modulo N
and is defined as mmod N = mif 0 <k < N-1, otherwisemmod N = k+nN with n as a unique integer yielding 0
< k+nN < N-1. The effect of thek mod N operation is that the signal is periodized, for example X_; becomes Xy.
1, X2 becomes Xy, etc. We will denote vectors with wavelet coefficients V;; and W, as W; and V; respectively.

The resulting wavelet coefficients V;; and W represent the overlap of the time series X; with the functions ;
and v;; respectively. The Daubechies-4 and Haar wavelet functions y;; are shown for j = 3and t = 5 in Figure
3. Figure 3 shows that although both wave ets have the same scaling and translation, their width and the start of
the upward movement is different®. Whereas the Haar wavelet directly movesup at t = 5, the Daubechies-4
wavelet starts at t = 13. In general, the Daubechies-4 wavelet startsto moveup at t + 2 at leve j, whereas the
Haar wavelet immediately moves up at timet. This “offset” of 2/ must be taken into account when the overlap of
the time series with " and y® are compared. Therefore, thetimet is transformed by the following operation in
case of the Daubechies-4 waveet:

t® {t+2'}mod N
Equation 4-5

Once the coefficients W, are calculated up to a certain level J, the periodicity of the business cycle can be
derived from j and the start of the business cycleis derived fromt by searching for the largest wave et
coefficient Wi;. This coefficient is the maximum overlap between the wavelet function and the time series.

5. Wavelet analysis of default rates

The MODWT is applied in analyzing thetime series X; (t = 0, 1, 2, ...) of monthly default rates of S&P
CreditPro® v7.02 database. This data consists of 324 observations, which cover the period from year 1981 to
2007. Waveet coefficients W are calculated by applying Equation 4-4 and using Vo, = X.

In the analysis, the period of the business cycle and start of the business cycleis identified by finding the values
of j and t of the maximum wavelet overlap W;;. However, the time series contains a considerable amount of
noise as shown in Figure 1. Therefore, the variance in the default rates is not only explained by business cycles,
but also by noise, which questions to what extend both noise and business cycles contribute to the total variance
of default rates. Fortunately, waveet analysis allows a decomposition of variance at different time scales. It can

? In general, the width of awavelet at scale] with filter length L equals [Percival2000]: L, = (2! - 1)L - 1)+1.

One might define an effective width as 2/, which is the width between the start from the upward movement to the
end of the downward movement. In case of the Haar wavelt, the effective width equals L.
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be shown that the variance of time series X can be expressed in wavelet coefficients by the following equation
[Percival2000]:

3 1 2 1 2 2
S X =aN|Wj| +N|VJ| - (X)

j=1
Equation 5-1

where W, and V; are vectors with wavelet coefficients W, and V;; respectively and <X> is the average default
rate. Leve j ranges from 1 to J, where Jis chosen as the floor integer value of N / 2, which gives J = 8.

. . 1 . .
Equation 5-1 shows that every leve j contributes by an amount of N|W" |2 to the total variance ox” of X. This

contribution is often referred to as the energy of the time series at level j [Percival2000].

Table 2 presents the contribution of every level to the total variance ox? in percentages of the total variance. The
contribution is shown graphically by the energy spectrum in Figure 4. The highest contribution is observed for j
=1, which corresponds to the highest frequency component and is therefore attributed to noise. The energy at
level j = 7 also gives a large contribution. Since this level corresponds to the frequency of a business cycle, this
component is interpreted as the business cycle part of the variance. Level j = 7 corresponds to a period of 2’
months, which equals 10.67 years and is therefore in agreement with the Fourier analysis as exhibited in Figure
2. The business cycle contribution in case of the Daubechies-4 wavdet analysis is larger than the business cycle
contribution in case of the Haar wavelet analysis. This leads to the conclusion that Daubechies-4 wavelets are
more eigibleto filter out business cycles from a noisy time series than Haar wavelets. Another significant
contribution to the variance is observed for leve j = 6. This contribution amounts to 16.67% in case of the Haar
waveets and 17.83% in case of the Daubechies-4 wavdets. An investigation on the maximum wave et
coefficients for j = 6 reveals that thisis caused by the spikes, which are observed in January 1991, December
2001 and March 2002.

After identifying the periodicity of the business cycle by Fourier analysis and MODWT, the next step isto find
out the start of the business cycle by searching for maxima in the wavelet coefficients W, for j = 7. These
coefficients are presented in Figure 5 for both the Haar and Daubechies-4 wavelets. In thisfigure, the
transformation in Equation 4-5 is applied to t in case of the Daubechies-4 wavelet, in order to account for the
offset as mentioned in section 4.

The Haar wavdets show maximum overlap at t1 = 83 and t2 = 209, which corresponds to December 1987 and
June 1998 respectively. Therefore, the Haar analysis reveals two business cycles, one starting at December
1987 and one starting at June 1998. Each business cycle starts with an economic downturn, characterized by a
high default rate. As the business cycle has a duration of 128 months, thefirst cycle ends at July 1998 and the
second one at January 2009.

The Daubechies-4 analysis also reveals two business cycles, but these cycles start at t1 = 63 and t2 = 199
respectively. These time stamps correspond to April 1986 and August 1997 respectively. Comparing the W,
coefficients of Haar wavelets and Daubechies-4 wavelets in Figure 5 shows that the series of coefficientsin case
of Daubechies-4 waveets is less noisy than in case of Haar wavedets. Given that the business cycle has a
duration of 128 months, thefirst cycle matures at November 1996 and the second cycle matures at March 2008.

The discrepancy in the starting points between the Haar wavelets and Daubechies-4 wavelets is explained by
their different shapes. The shark-fin shaped Daubechies-4 wavel et matches the default rates much better than
the blocky Haar waveets. Since the Daubechies-4 wavel ets are more capable of filtering out the underlying
cycles than the Haar waveets, the Daubechies-4 wavelet is considered more reliable.

We investigated further how well a wavelet with maximum overlap approximates the original time series. The
time series of default rates is compared with the following approximation:



xapprox = <X> +Wj,t]y jt1 +Wj,t2y jt2
Equation 5-2

In this approximation, <X> is the average of the default rates, j = 7 and t1 and t2 refer to the time values at
which maximum overlap is observed respectively. Figure 6 compares the approximation in Equation 5-2 with
the time series in case of the Haar wavelets, whereas Figure 7 gives the comparison in case of the Daubechies-4
wavelets. In order to quantify to what extend the approximation mimics the time series of default rates, we
define average deviation (AD) between the time series X, and the approximation in Equation 5-2 as:
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Equation 5-3
The AD equals 1.17-10° in case of the Haar wavelet and 1.16-10° in case of the Daubechies-4 wavelet. Based
on thesmallest AD, it is concluded that the Daubechies-4 wavelet has a better overlap with the default rates
than the Haar wavelet.

Since the noise contribution in the total variance is quite large and amounts to 20% of the variance, one might
wonder how this influences the outcomes of the resultsin the previous sections. Therefore, a Multi-Resolution
Analysis (MRA) is applied to the time series of monthly default rates. The MRA is a representation of thetime
series at different time resolutions, thereby filtering out high-frequency components like noise at coarse time
resolutions. The MRA is described briefly in the appendix, which shows that the time series will be decomposed
into the following components:

J
]
X=a Db, +S,
i=1
Equation 5-4

The components D; are called wavelet “details’ as they capture local fluctuations over the whole period of time
at each scalej. The component S; provide a “smooth” or overall “trend” of the original time series X. Adding D
toS;forj=1, 2, ..., Jgives an increasingly more accurate approximation of the original signal. Theinterested
reader can find more extensive background literature e sewhere [Mallat1989, Percival2000].

Based on the conclusion that Daubechies-4 wave ets are more digible to filter out business cycles from noisy
time series than Haar wavdets, a MRA using Daubechies-4 waveetsis applied up to level J= 3 and shown in
Figure 8. The figure shows how the time series X is decomposed in high-frequency components D;, D, and D3
and a smoothed component S;, which is less noisy than the original time series. This noise reduction in Sz is aso
supported by comparing the energy spectrum of S; with the energy spectrum of the original time series, as
shown in Figure 9. The figure shows that the high frequency components at level 1, 2 and 3 arefiltered out in
the S; spectrum and as aresult leve j = 7 contributes to 38.49% of the total variance. Thus S; is a smoothed
version of thetime series X. Calculation of the wavelet coefficients W, of the smoothed time series X and
identifying the value of t at which W has a maximum reveals no differences with the values of the original time
series.

Based on the wavelet analysis of monthly default rates, the last cycle ends at March 2008 and we are currently in
the downturn of a new business cycle, which is clearly apparent in the ongoing credit crisis. However, as
mentioned in the introduction, we consider the collapse in the credit markets as a business cycle event, which is
triggered by failure of mortgage companies, the bubble in the U.S. housing market, complexity of new financial
instruments and incorrect risk perception of mortgage-backed securities (for areview on the causes of the credit
crisis, see[Steverman2008]). Instead of learning from the collapse of the technology bubble in the beginning of
the 21™ century, the roots of the crisis started in this period with declining lending standards, increasing loan
incentives and rising of housing prices. In addition to the business cycle effect, we also investigated whether there
is an upward tendency by decomposition of the time series of default rates up to level 8. Figure 10 shows the
smoothed component Ss, which shows a periodicity of 10.67 years, superposed on a slight increase in default
rates. A linear regression of Sg versust shows that this increase amounts to 0.0017% per year, which is not
considered significant.



6. Conclusion

This paper presents a wavelet analysis of business cycles, based on S& P default rates. The analysis is used to
address the following questions: how long is a business cycle and where are we in the business cycle?

Both Fourier analysis and wave et analysis of the monthly observed S& P default rates reveal a business cycle of
10.67 years. Thelocation in the business cycle can not be answered by Fourier analysis, but analysis with Haar
wave ets shows two business cycles, one with a downturn starting at December 1987 and maturing at July 1998
and one starting with a downturn at June 1998 and maturing at January 2009.

The Daubechies-4 analysis also shows two business cycles in the data, one starting with a downturn at April
1986 and maturing at November 1996, and one starting with a downturn at August 1997 and maturing at
March 2008. Analysis with Daubechies-4 wavelets gives more precision than in case of Haar wavelets. This
conclusion is supported by the variance decomposition by Haar and Daubechies-4 wave ets, which shows that
Daubechies-4 wavdets are more digible to filter out business cycles from a noisy time series than Haar
waveets. Based on the Daubechies-4 wave et analysis, currently we are in the economic downturn of a new
business cycle. Of course this is an understatement, given the current financial crisis. However, the credit crisis
is considered as caused by therising of U.S house prices at unsustainable levels, risky securitization deals and
increasing complexity of financial instruments. These underlying factors can not be revealed alone by time series
analysis, but require a structural mode ling approach.

Knowing the start and the period of the business, this should be regarded in validating the PDs by comparing
them with the actually observed 1-year default rate. A possible approach to include business cycle effects in PD
validation is to multiply the observed 1-year default rate by a cycle adjustment factor, before the 1-year default
rate is compared with the PD. A cycle adjustment factor (CA) can be defined as a scaling factor, which “scales
up” the observed 1-year default rate to along-term average:

CA — dcycle
d

t
Equation 6-1

In this equation, dyqe IS the 1-year default rate, observed and averaged over the business cycle, and d; is the
currently observed 1-year default rate. An alternative is the Odds-Ratio Scalar M ethod [Hodges2008]. Other
approaches are also under study, for example Miu et al. present a method to enhance historical default data
using the default history of external ratings [Miu2007].

7. Appendix: Mathematics of the MODWT algorithm

This appendix provides a mathematical background of the MODWT by deriving equations for the wavel et
coefficients and multi-resolution analysis. We will use the symbol ” for matrices and the brackets <,> as inner
product between vectors.

Thewaveet coefficients represent the overlap between the time series and the waveet:
¥
Vi :<J it f> = O it (X)f (X)dX
-y
¥
Wi, :<y it f> =0 j,t(X)f (X)dX
-y
Equation 7-1

where the father and mother wavelet are defined as in Equation 3-4. A basic property of waveetsis that the
scaling function ¢ satisfies the dilation equation [Chui1992, Mallat1989]:

j (=4 ai (2x-1)



Equation 7-2

This eguation relates the scaling function at two successive scales by the filter coefficients g, henceit is also
referred to as the two-scale equation or refinement equation. A similar equation exists for the mother wavel et
function y with filter coefficients h:

v (=4 hi (2x-1)

Equation 7-3

In order to find the wave et coefficients by Equation 7-1, the father and mother waveet functions have to be
found by solving the dilation equations numerically. Although there are different ways to solve the dilation
equations likeiteration and Fourier transformation [Strang1989], the waved et coefficients are more interesting
than the solutions itself. The wavedet coefficients can be found directly without solving the dilation equations by
casting the dilation equations in the following form:
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Equation 7-4

Combining Equation 7-1 to Equation 7-4 leads to a recursive relation between the wavel et coefficients:
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Equation 7-5

Equation 7-5 can be written in matrix form by introducing matrices AandB:

Vj = AjVj_l
Wj = BjVj_l
Equation 7-6

In this equation, V; and W; are vectors. Using the iteration in Equation 7-6, the relationship between coefficient
vectors Vj and W, and time series X can be written in matrix form:

Vj = Aj Aj_lLAZAIV0 =VjV0 =VjX
Wj = Bj Aj_lLAZAIV0 = WjV0 =WjX
Equation 7-7

Based on Equation 7-7, time series X can be decomposed in a J-level smoothed time series
S, =V, V, =V VX andj-level details D; = W,W, =W WX :

J

[o]
X=aDb,+S,

j=1
Equation 7-8

Equation 7-8 is basically the calculation of the multi-resolution analysis. The components D; present the wavel et
details at scalej and the component S; is a smoothing of the time series X. Equation 7-8 reveals that the original
time series can be reconstructed by adding the detail components D; to the smoothed time series S,
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Symboal Description

X Time series of monthly default rates

Xi Observation at timet of time series X

X ) Fourier transform of X;

<X> Average of time series X

T Haar mother wavelet at level j and starting at timet

oy Haar father wavelet at level j and starting at timet

yPi Daubechies-4 mother wavelet at level j and starting at timet
0 it Daubechies-4 father wavelet at level j and starting at timet
Vi Father wavelet coefficient at level j and timet

Wi Mother wavelet coefficient at level j and timet

\ Vector of father wavelet coefficients at leve j

W, Vector of mother wavelet coefficients at leve |

Wi Energy at leve |

\7j Matrix for transforming time series X into vector V;

Wj Matrix for transforming time series X into vector W,

ox” Variance of time series X

Table 1 Summary of mathematical symbols

Level Time scale | % of variance, decomposition % of variance, decomposition
(years) based on Haar Wavelets based on Daubechies-4
wavelets.
1 0.17 23.55% 23.43%
2 0.33 12.71% 12.11%
3 0.67 9.19% 8.77%
4 1.33 7.56% 6.12%
5 2.67 10.19% 8.42%
6 5.33 16.67% 17.83%
7 10.67 16.59% 20.60%
8 21.33 2.23% 2.26%
1 2 5 | 21.33 1.30% 0.47%
SVl - (%)

Table 2 Decomposition of variance in default rates at different time scales. Level j =7 correspondsto the
business cycle component of the total variance. The largest contribution is observed for level j =1, which is
inter preted as the noise contribution to the variance in default rates.
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Figure 1 Time series on monthly observed default rates over the period from 1981 to 2007. The sinusoidal fit is
based on Fourier analysis. Source: Standard & Poor's CreditPro® v7.02,
(https://cr editpr o.standar dandpoor s.com/)
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Figure 2 Fourier power spectrum, resulting from the Fast Fourier Transform of monthly default rates. The
highest power is observed for a frequency of 0.09, which correspondsto a period of 10.67 years.
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Figure 3 Haar wavelet y";, and Daubechies-4 wavelet y®; ,, depicted for j =3 and t = 5.
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Figure 4 Ener gy spectrum of wavelet coefficients as a function of resolution level j. Theenergy atj = 1is
attributed to noise. With exception for j = 1, the maximum ener gy is observed for level j = 7, which correspondsto

aperiod of 2" months (10.67 years)
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Figure 5 Wavelet coefficients W, asa function of t for j = 7. The maximum overlap W; is observed for t = 83 and
t =209 in case of the Haar wavelet analysisand for t = 63 and t = 199 in case of the Daubechies-4 wavel et
analysis.
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Figure 6 Montly default rates compar ed with the linear wavelet combination <X>+W+ gay*7 g3+ W7 20007 200.
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Figure 7 Montly default rates compar ed with the linear wavelet combination <X>+W+ gaw®7 63+ W7 100y°7 100.
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Figure 8 M ulti-resolution analysis of the S& P monthly default rates (X). The time series X of default ratesis

decomposed up tolevel J =3: X = S3+ D3 + D2 + D1. The highest graph showsthe original and smoothed time
Series.
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Figure 9 Ener gy spectrum of wavelet coefficients of monthly default rates and the smoothed S; component of the
default rates. Asaresult of the smoothing, high frequenciesarefiltered out. The energy at level 7 contributesto
38.49% of the total variance.
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Figure 10 Time series of monthly default rates compared with its smoothed Sg component. The S; component shows
a dight upward tendency of 0.0017% per year.
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